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INTRODUCTION
In a previous paper we have discussed the content and significance of Schiff's Conjecture. In brief, the Conjecture states that all theories of gravity which satisfy the Weak Equivalence Principle (WEP), i.e., predict a unique composition-independent trajectory for any test body at a given point of spacetime and with a given initial velocity through that point, must satisfy the Einstein Equivalence Principle (EEP), i.e., must show that the nongravitational laws of physics are the same in every freely falling frame. When specialized to "relativistic theories of gravity" (as will be done throughout this paper), Schiff's Conjecture says that every theory satisfying WEP is necessarily a "metric theory. "l Plausibility arguments (e.g., Refs. 1 and 2) have frequently been given for the Conjecture, but there have been few detailed calculations that bear upon its validity or invalidity.
A particular method of attack -perhaps the only workable method for explicit calculations -is to attempt a proof of the Conjecture piece by piece: that is, first analyze test bodies with purely electromagnetic internal interactions and thereby attempt to show that particles and electromagnetism must interact with gravity in the manner of metric theories (EEP) in order that WEP be satisfied; next analyze purely nuclear systems and attempt to show that nuclear fields must couple to gravity metrically, etc .... Unfortunately, for our purposes, nuclear interactions have not been given an adequate mathematical representation even in the absence of gravity; and the nonmetric theories known to us make no attempt to write down nuclear force laws. Hence our present program must end one way or another after the first stage. A proof of the first stage is still quite significant, however. It will allow us to rule out various nonmetric theories in the literature.
In order not to prejudice ourselves, the language and concepts used in the calculation will be those employed in standard classical field theory with gravity treated as just another ordinary field. In particular, we will not use such phrases as "curved spacetime" and will not make any coordinate transformations to real or pseudo-"freely falling frames." The concept of gravity as a metric phenomenon should be forced upon us by WEP.
As spelled out in Sec. II, we shall take a nonquantum mechanical approach and shall use a particle rather than a fluid picture for the test body.
Since the gravitation theories with which we attempt to tie in are largely classical theories, we feel that a classical approach is completely justified and perhaps essential. There are two reasons why a particle approach has been taken: first, more often than not, classical field theories formulate the interaction of gravity with matter in the form of point particles; second, a charged particle approach allows one to deal with the exact "gravitationally modified Maxwell equations" of a given theory, rather than with their smeared out averages.
Our calculation is not the first of its type. For several particular theories, and at lower orders of approximation, the acceleration of electromagnetic test bodies in a gravitational field has been previously calculated.
Nordtvedt and Belinfante and Swihart have both done calculations, to first order in the gravitational field potential and squared particle velocities;
Nordtvedt for general metric theories, and Belinfante and Swihart for their theory of gravity. In addition, Post has done a calculation, at Post-Newtonian order, of the acceleration of a confined quantity of electromagnetic energy in a gravitational field. Had his calculation been carried to higher order it is conceivable he could have obtained part of our result: that
Section II of this paper gives an outline of the assumptions, procedure, and techniques of our calculation, including the results; Sec. III presents the details. Section IV compares the predictions for WEP violation with the results of Eotvos-Dicke type experiments, and thereby rules out the nonmetric theories of Belinfante and Swihart, ' 6 Capella, Naida, and Whitehead. 9 Also discussed is the mannerboth quantitative and qualitative -in which WEP is an experimental probe of the "gravitational-Maxwell equations," as contrasted to previously recognized experimental tests of those equations.
II. GENERAL FRAMEWORK AND RESULTS
In calculating the center of mass acceleration of an electromagnetic test body, we would like to set up a formalismwhich includes as many types of gravitation theories as possible, but which is not too complicated. In particular, our formalism should be able to deal with scalar, vector, tensor, scalar-tensor, etc. theories.
We'have found that all of these different types of theories can be put into a somewhat universal form when describing a static, spherically symmetric (SSS) gravitational field -providing their dynamical law1 for particle motion is derivable from a Lagrangian. (The restriction to SSS fields is certainly a limitation in principle, but it allows us to handle many different theories at once; and, as discussed in Sec. IV, is not a limitation in-practice.) The quasiuniversal description of particles and electromagnetism in an SSS field is as follows: the electromagnetic field A can be derived from the Lagrangian
where we. have used the bar above the L to indicate that L may be only a part of the total Lagrangian, and where the various symbols will be defined below.
The "gravitationally modified Maxwell equations" .(GMM: Maxwell's equations in the presence of a gravitational field) are of the form
Definitions of the quantities in Eqs. (1)-(3) and of other quantities that will be used in the calculation are given below: For an SSS field in a given theory, T, H, e, and F will be particular functions of U (an hence of position). Here we assume that T, H, , and A have been given and we seek the relations among them, if any, that are required for compliance with WEP. It is clear from Eq. (1) that we have sacrificed general covariance of the particle Lagrangian in order to encompass a wide range of theories.
Note that Eqs. (2)-(3) can be re-interpreted (different physics; same mathematical representation!) as the usual Maxwell equations for a permeable medium in which the free sources originate from charged particles labeled by k. Thus e and ± play the role of "gravitationally induced dielectric and permeability parameters," respectively. We require that T, H, e, ( all approach 1 as U vanishes so that the special relativistic limit is maintained.
Given the SSS restriction, one may ask how general are Eqs. In fact, the "E->i formulation" of the sourceless Maxwell equations in metric theories has sometimes been used in calcu-
lations.
The particle Lagrangian L [cf. Eq. (1)] also appears to be fairly general, except for a class of theories discussed by Naida 8 which includes the theory of Capella.. We treat the Capella-Naida theory on an individual basis in Sec. IV, using the methods developed in this section.
We point out that it is sometimes necessary to perform a reformulation (same theory; new "mathematical representation") of a theory in order to put it into the form of Eqs. (1)-(3) (see, for example, the Belinfante-Swihart theory as analyzed in Ref. 14) . Finally, we should emphasize that, even more important than the generality of Eqs. (1)-(3), are the techniques and methods developed in this section, since they can also be applied on an individual basis to that handful of theories which is not included in Eqs. (1)- (3) . We now proceed with an outline of our calculations.
Variation of Eq. (1) yields an expression for the acceleration of the kth particle, which, together with Eqs. (2) and (3) constitutes three coupled equations. We seek a perturbation solution. There are two obvious, small dimensionless quantities in which one could expand: the gravitational 2 potential U and the squared particle velocities vk . Since we prefer a result correct to all orders in the gravitational potential, we expand only in vk and leave T, H, e, and . as arbitrary functions of U. We do, however, expand these latter functions in a Taylor series about the instantaneous center of mass of the test body (defined below), i.e.,
where
We shall assume that the body is small enough so that second derivates of U make negligible contributions. Indeed, this is part of the definition of "test body" (Ref. 1) and is a necessary and integral qualification in Schiff's Conjecture.
We define the center of mass for the test body by the following sequence of equations:
Xik-x i -xk ,
Here F, G, K, S are again arbitrary functions of the potential U.
(Whenever two indicies, e.g., i and k, occur in terms, in double or single sums, it is always assumed that i j k in the sum.) Any credible result should be independent of the particular definition of the center of mass as long as it remains inside of the body, that is, the result should not depend on the specific forms of the functions F, G, K, and S.
We now assume that at t = 0, the center of mass of the test body is momentarily at rest, at the origin of the coordinate system, (Jcm)t=o (kcm)t=O ° *(10)
By differentiating Eq. (9) twice and combining with Eqs. (10), we obtain for the instantaneous center of mass acceleration
Return for a moment to the details of the expansion scheme. Our expansion is in the quantity
The virial theorem guarantees that 2 (typical charge of a particle) ek (12b) v (typica(t ypical typical separation of neighboring particles) " mkik Thus, without serious error, we may treat both terms on the right-hand sides of Eqs. (12a) and (12b) as O(v 2 ) when ordering the terms in the expansion. Besides the dimensionless quantity v 2 in which we do expand, and the dimensionless quantity U in which we do not expand, there is a third, less obvious dimensionless quantity:
2 We shall expand in this quantity -independently of the v expansionbut, in practice, by examining powers of g rather than gs. Now, if X is to be body independent in general, it must be so for -cm 2 each order in v and each order in g, independently. Surprisingly, perhaps, 2 it will be sufficient to work to first order in v and to first order in g.
The imposition of WEP at this order will force the dynamical equations (1)-
(3) to take on metric form, thereby guaranteeing that EEP (and hence WEP a fortiori) is satisfied at all orders!! To first order in v and g, after solving Eqs. (1)-(3) for ak and substitution into Eq. (11), we find (details given in next section)
Equation (14) becomes much simplified when we use some gravitationally modified virial relations (see Sec. III.C for details):
where m, p refer to components of the appropriate vectors and < > denotes the usual time average. Using Eq. (16), Eq. (14) becomes
To0 ' oFoHo 1 ) <Ziknik>
The first term of this acceleration is body independent (satisfies WEP);
the second term depends on the body's self-electromagnetic energy; the third term depends on the electromagnetic energy, the shape of the body, and the orientation of the body with respect to the gravitational field gradient.
Thus ~Xc will always be body independent only if the second and third terms always vanish, i.e.,
(the other factors in the body dependent terms must be nonzero for correct Newtonian and special relativistic limits) or equivalently,
Since we have not specified the initial location of our test body with respect to the external gravitating source, and Eqs. (19) should be satisfied at any point we choose to deposit the body, the naught subscript can be removed from quantities in those equations, yielding, upon integration,
where C is a constant. Since, "in the absence of gravity," w E = H = T = 1, C must also be unity. Therefore we finally obtain, as a necessary condition for our electromagnetic test body to fall with a composition-independent acceleration:
It is worth noting that, using heuristic arguments (see e.g., Ref. 15) about the electromagnetic energy content of atoms and the expression for the fine structure "constant" a in a dielectric medium a (e)1/2 e2/ ( 6) one can see why WEP should require constancy of the ratio (e/U).
Comparison of Eqs. (21) and (1) 
In this metric form
gij = -5ijH (spherical coordinates turn out to be "isotropic"), (24c)
; denotes the covariant derivate with respect to go~ ,
Note that all dependence on the arbitrary functions used in the center of mass definition, Eq. ( 7), has vanished by the time one reaches Eq. (17).
Higher order calculations [v or (gs) 2 , for example] could only yield results consistent with Eq. (21), since WEP at first order implies that gravity has a metric theory description (automatically satisfying WEP) to all orders.
Our theoretical results can be summarized by the following theorem: 
and all functions of U are evaluated on the particle's world line, e.g.,
Using Eqs. (5)-(6) and the discussion following Eqs. (13), we can write, to the order of our calculation,
We shall regard g as spatially constant [see discussion following Eq. (6)].
Equation (25) can then be written as
Note that whenever functions like H, Ty, , etc. occur in terms multiplied by g, we may evaluate them at naught, i.e.,
Hg-H Hog
because we work only to first order in g. [It should be mentioned that when a term is considered O(v2), it is not necessarily intended that the term is dimensionless, but only that v (or the expression in Eq(12b)) is a multiplicative factor in the term. The same applies to the notation O(g).]
By dotting vk into both sides of Eq. (28), solving for (ak 'Yk ) ' and substituting the result back into Eq. (28), we obtain 
We can now do a perturbation solution of these equations by expanding simul-2 2 taneously in powers of v and g, treating formally v g:
· (vPo + aAO/at)], 
The source term proportional to 6A 0 /6t in Eq. (33b) doesn't contribute to our order of calculation. Now, define a "superpotential" X by the equation 
Using Eqs. (37) and (38), we obtain 1 1 
with M 0 , qik' wik defined in Eqs. (15) . Now, expand the expression for M using Eqs. (7) and (8) 
IV. CONCLUSIONS AND APPLICATIONS

A. Theoretical Implications of the Results
We have shown that, in a spherically symmetric gravitational field, a There are two potential weaknesses of our calculation. First we have assumed a spherically symmetric gravitational field. Now, it is conceivable that a theory could be of "metric form" for spherically symmetric gravitational fields, but nonmetric in other cases. Such theories would have to be analyzed on an individual basis, to see whether their non-SSS fields violated WEP.
However, we feel that such a theory would be difficult to formulate and, in fact, have seen no examples in the literature. In practical applications, one considers a particular nonmetric theory, solves the spherically symmetric problem, and finds that Eq. (21) is not satisfied, thus constituting a violation of WEP at some order. Examples will be given below.
A second possible weakness, discussed previously, is the limitation to the types of equation discussed in the beginning of Sec. II. However, except for the Naida-Capella nonmetric theory, discussed below, Eqs. (1)-(4) appear to be quite general among "complete" theories. (There are many theories which are not explicit as to the formulation of the GMM equations, and we must require that such theories be completed before given further consideration.)
Finally, we point out that WEP and Eq. (21) demand that the center of mass acceleration be body independent at each order in the external gravitational potential U. As will be seen below, a given theory violating the WEP will do so at some order of U. To be more explicit, suppose that one expands the functions H, T, B, E appearing in Eq. (17) in a power series in U, i.e.,
Then, Eq. (17) can be written in the form 
(For the correct Newtonian limit, one must require that a = 1, but we leave a arbitrary here.) Each theory will yield certain values for the r's and T's. We have shown that nonmetric theories must have some of the rP's or T's nonzero -the first nonzero r or T determines the order at which the theory violates WEP.
B. Experimental Verification of WEP and Applications of Our Calculations
Thus far, our results have been completely within a theoretical context.
We now investigate the experimental and practical applications.
Experimental support for WEP comes from the type of experiment developed by Eotvis in the late nineteenth century, and redesigned extensively by Dicke in the 1960's. 1 6 The In fact, exploiting the "e -p"-analogy for the GMM equations and taking the 
where C0 , C1 are arbitrary constants, but with the implicit relation 2K(3C1 -C C)'+ C0 -2 = 0 (75) in order to satisfy the Newtonian limit (g 0 0 = -1 + 2U + ... 
(76b)
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In order to predict an amount of light bending and perihelion shift compatible with experiment, one must require that C0 and C 1 satisfy 0 1
The Using the same center of mass formula as given in Eqs. 
